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Equa t ions  a r e  p r e s e n t e d  d e s c r i b i n g  the i n t e r a c t i o n  of r a d i a t i o n  with m a t t e r  in c ond i t i ons  of 
a r b i t r a r i l y  l a r g e  n o n e q u i l i b r i u m ,  both in a l o c a l  s a t e l l i t e  s y s t e m  within  the  f r a m e w o r k  of 
the  s p e c i a l  t h e o r y  of r e l a t i v i t y ,  and  a l s o  in a s a t e l l i t e  s y s t e m  b a s e d  on g e n e r a l i z e d  c o v a r i -  
an t  f o r m a l i s m .  The  e f f ec t s  of i n t e r a c t i o n  of the  r a d i a t i o n  g e n e r a t e d  with the  m o v i n g  m a t e -  
r i a l  have  been  c o r r e c t l y  a c c o u n t e d  fo r .  C a l c u l a t i o n s  have  been  c a r r i e d  out fo r  the  c a s e  of a 
s i n g l e  s p a c e  c o o r d i n a t e ;  g e n e r a l i z a t i o n s  to the  t h r e e - d i m e n s i o n a l  c a s e  i s  qui te  e a s y .  In 
[ 1 , 3 ] t h e  mot ion  was  c o m p u t e d  in a c l a s s  of i n e r t i a l  s y s t e m s  and an a n a l y s i s  d e t e r m i n e d  the  
i m p o r t a n t  e f f ec t s  a s s o c i a t e d  with a c c e l e r a t i o n  and s p a t i a l  v a r i a t i o n  of v e l o c i t y ,  v e r y  typical.  
f o r  s h o c k  waves .  In [1,4] it  was  e s t a b l i s h e d  how f a r  one m a y  c a l c u l a t e  l oca l  n o n i n e r t i a  in 
cond i t i ons  c l o s e  to e q u i l i b r i u m .  An a p p r o x i m a t e  d e r i v a t i o n  of the  ana logous  equa t ions  fo r  
the  c a s e  of l o c a l  n o n i n e r t i a  was g iven  in [5]. 

1. L o c a l  S a t e l l i t e  S y s t e m s .  Since  we in tend  be low to p r o c e e d  to the  c a s e  of a s a t e l l i t e  s y s t e m ,  we 
c h o o s e  a m e t r i c  of t w o - d i m e n s i o n a l  s p a c e  and t i m e  in the f o r m  v e r y  f r e q u e n t l y  u s e d  in the  g e n e r a l  t h e o r y  
of r e l a t i v i t y  

ds ~ ..~ --(dx~) ~ -.[- (d,c) ~. (i .1) 

H e r e  ds  i s  the  i n t e r v a l  be tween  e v e n t s ,  dx 1 i s  the  e l e m e n t  of l ength  in the  l a b o r a t o r y  s y s t e m  L0, and  
~- = dx 4 = cdt  i s  the  p r o d u c t  of the  t i m e  i n t e r v a l  in the  s a m e  s y s t e m ,  and the s p e e d  of l ight ,  Then the c o n -  

t r a v a r i a n t  c o m p o n e n t s  of the  p a r t i c l e  4 - v e l o c i t y  in the  s y s t e m  L 0 t a k e  the  f o r m  

u l = , . O x l  = ~ O ,  u 4 =  O~ l 
os ~ = O, 0 = Vt-~'-------~' (1.2) 

w h e r e  fi i s  the  r a t i o  of p a r t i c l e  s p e e d  to  the  s p e e d  of l igh t .  It fo l lows  f r o m  Eq. (1.1) tha t  the  m e t r i c  t e n s o r  
g ik  in s y s t e m  L 0 t a k e s  the  f o r m  

i 

Thus ,  the s p a t i a l  c o v a r i a n t  c o m p o n e n t s  of a l l  the  4 - v e c t o r s  wi l l  d i f f e r  in s ign  f r o m  the  c o v a r i a n t  
c o m p o n e n t s ,  whi le  the  t i m e  c o m p o n e n t s  wi l l  a g r e e  in s ign .  F o r  e x a m p l e ,  u i = -u  1, u 4 = u 4. The  r e l a t i o n  

a l s o  fo l lows  f r o m  Eqs.  (1.1) and (1.2) 

(u4) ~ -  .(uX) ~ = t ,  (1.4) 

Moscow.  T r a n s l a t e d  f r o m  Z h u r n a l  P r i k l a d n o i  Mekhan ik i  i T e k h n i c h e s k o i  F i z i k i ,  Vol .  11, No. 1, pp. 
3 -11 ,  J a n u a r y - F e b r u a r y ,  1970. O r i g i n a l  a r t i c l e  s u b m i t t e d  June 30, 1969. 

�9 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 



The l o c a l  s t e l l i t e  s y s t e m  S O wi th  s p a t i a l  c o o r d i n a t e  ~0 ~ and t i m e  c o o r d i n a t e  T O = ~0a= ct  0 i s  r e l a t e d  
to  the  l a b o r a t o r y  s y s t e m  L 0 by  L o r e n t z  t r a n s f o r m a t i o n s  f o r  d i f f e r e n t i a l  c o o r d i n a t e s  

d~o' = u~dx i -  uid% d T o =  - -  u~dx z d -  u~d~ . (i.5) 

It i s  e a s y  to  s e e  tha t  the  m e t r i c  t e n s o r  r e t a i n s  the  f o r m  of Eq. (1.3) in S 0, F r o m  Eq. (1.5) the  fo l lowing  
d e r i v a t i v e s  can be  found 

a~o~ ob~ _ u~, 
Oz 1 __ ~ 4  0"$" : 

F r o m  the i n v e r s e  f o r m u l a s  

d~ i = u~d~o i + u~d~o, 

we find 

0~o Oro a ~ = - - u  i, - -~=u ~. (1.6) 

d~ ---- u*d~o z + u~dvo , (i.7) 

o~oi = u t  o-TI = u~' ~ = u~' ~To = u~' (1.8) 

F o r m u l a s  (1.6) and  (1.8) def ine  e l e m e n t s  of the  t r a n s f o r m a t i o n  m a t r i x  fo r  t e n s o r  c o m p o n e n t s .  If qi i s  
a 4 - v e c t o r ,  and  qx i,  qij a r e  t e n s o r s  of s e c o n d  r ank ,  the  t r a n s f e r  f o r m u l a s  wil l  have  the  f o r m  (the s u b s c r i p t  
0 deno te s  the  c o m p o n e n t  of a t e n s o r  de f ined  in the  s y s t e m  S0): 

q0 C = ,~ ~ q~ = q0 a a=i az = a~0 ~ 

i n r 8~o ~ Ox~ 
q ~  = ~" ,O-~Z O~o ~ 

�9 r Oz._~ ~ O~o' Or * O~o ~ O ~ j  v~ Oxi Oxi ( i .9)  

U s i n g  t h e s e  f o r m u l a s ,  it  is  e a s y  to  ob ta in  the  r e l a t i o n  be tween  the  d i f f e r e n t i a l  o p e r a t o r s  in the  v a r i -  
ous c o o r d i n a t e  s y s t e m s  

(i .io) 

By a p p l y i n g  f o r m u l a s  (1.10), it i s  e a s y  to  obta in  a r e l a t i o n  be tw e e n  the s p a t i a l  and  t i m e w i s e  d e r i v -  
a t i v e s  of the  4 - v e l o c i t y  c o m p o n e n t s  in t h e  v a r i o u s  s y s t e m s  

Ouo z Ou a ou* OUo z Ou* . Ou 4 Ouo t Ouo4 
o~i-o~ = ~ -h ~-~x ~ , o--~-o = -~- + ~3, o--~ro~ = O, -~- = O. (1.11) 

It can  be  seen  f r o m  t h e s e  f o r m u l a s  tha t  a c h a r a c t e r i s t i c  of a l o c a l  s a t e l l i t e  s y s t e m  So, in add i t i on  
to the fac t  t ha t  u01 = 0, u0 4 = 1, i s  that  the  tangent  v e c t o r  to the  w o r l d  l i ne  of a p a r t i c l e  i s  c o n s t a n t  t h e r e .  

S i m i l a r l y ,  

Ou x Ouo z ull~40uo z 
~-~ = (u , )  ~ ~ -  . ~ - j  , 

Ou4 . ~Ouo z , z , 2 O u o  z 

- -  = u ' u -  ~ - -  ~ u ) "-~o ' Oz z a~o* 

OuZ ulu4 0u~ I-/~,a~ OuoZ 

Out __ lul ls  Ou~ ~ ulUa Ou~ 
(1.12) 

Now i t  i s  e a s y  to ob ta in  the  equa t ions  of r a d i a t i v e  h y d r o d y n a m i c s  in s y s t e m  S0. The  t e n s o r  fo r  the  
en e r g y  and m o m e n t u m  of an  idea l  f lu id ,  a s  is  wel l  known, is  g iven b y  the f o r m u l a  

T ~k ----- ( I '  -5 8) u~u ~ - -  g~kp (1.13) 



w h e r e  the  i n t e r n a l  e n e r g y  e and the p r e s s u r e  p a r e  s c a l a r s .  

The  equa t ions  of c o n s e r v a t i o n  of m o m e n t u m  and e n e r g y  a r e  

0T~ 
Ox ~ .~  qi 

H e r e  qi i s  an  4 - v e c t o r  fo r  the  e n e r g y  and m o m e n t u m  t r a n s f e r r e d  by  r a d i a t i o n  f r o m  the  m a t e r i M .  

The  t e n s o r  r e l a t i o n  be tween  the c o m p o n e n t s  has  the f o r m  

T11= ro11(ug~ + To"(Ul) ~, 
T44 = roii(ui) ~ -~ T0a4(g4) 2, 

q4 = qolul + qo4U4, 

Tla .~  (To il -~- TO44)UlU a 

To n = p, To 44 = 8 

qi = qolu 4 ._~ qo4ui �9 

T h e r e f o r e  the  m o m e n t u m  equa t ion  in S O can  be  ob ta ined  by  r e p l a c i n g  Eqs .  (1.15~, (1.10 
Eq. (1.14); the  r e s u l t  i s  tha t  the  equa t ion  

t r a n s f o r m s  to  the  equa t ion  

aTl,~ r OT u = qi  

, u 4 0 p  2_ ~i 08 
- a~o ~ ] - -  u4qo 1 + ulqo ~ . 

S i m i l a r l y ,  the  e n e r g y  equa t ion  

t r a n s f o r m s  to 

OT~ aTi4 = q4 

~i Op A- , 4 0s , [ t auol ~_ ~ ~ ] = 
a~ol _ ~ ~ ~ (p  + s) ~ a'~o a~ol ] ulqo 1 -F  u~qo 4 -  

S i m u l t a n e o u s  s o l u t i o n  of Eqs.  (1.16) and (1.17) g ives  

Op i 8~ Ouot - -  ,~ 1 O~ . OUo i 
a~? F ( P ~  / ~ - - ~ o ,  ~ + ( p +  s ) ~ =  qo 4.  

T h e s e  equa t ions  d i f f e r  f r o m  t h o s e  in [6] only  in tha t  the  r i g h t  s i d e s  a r e  n o n z e r o .  

The  con t i nu i t y  equa t ion  in s y s t e m  S o t a k e s  the w e l l - know n  f o r m  

a9 Ouol 
a~o + p ~ = O, 

The rad ia t ive  t rans fe r  equations in system L 0 have the f o rm  

OW i~ 
Ox ~ = __ qi 

w h e r e  W ik is  the  r a d i a t i o n  e n e r g y  and m o m e n t u m  t e n s o r ,  and  the v e c t o r  q~ i s  de f ined  a b o v e  
l a  (1.19)' we can  obta in  the  r e l a t i o n s  

(1.14) 

(i  .15) 

and (1.12), in 

(i .16) 

(i.17) 

(1.18) 

(1.~9) 

(1.2o) 

From formu- 
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W 44 : Wo14([14) 2 -~ 2u.luSWo 11 .-~ (/gl)2W011 
W 14 = Wo44U.1//, 4 -~ Wo11(/s 4 -[- /2.1/2.1) --{--/.~1//~4W011 

W~, = Wo"(~)~ + 2~u 'Wo ~ + (~9~Wo 1~ , 

(1.21) 

Us ing  Eq. (1.21) and the fo rego ing  p r o c e d u r e  to obtain f o r m u l a s  in s y s t e m  So, we find that the e q u a -  
t ions  of r ad ia t ive  e n e r g y  and m o m e n t u m  take the f o r m  

OWo ~ OWo ~ 
: h~o + 0 7 o l  + (W~ + W~ ~ + 2Wo' ~ Ouo~_~o -- q~ 

0 ~01 ~176 ~176 W li~ ~ ~ + 2Wol* - -  _ q o  1 . a*o ~ ~ +(W~ + o ,O,o 
(1.22) 

These  equat ions  can be  r e duc e d  to t e n s o r  f o r m ,  which p e r m i t s  genera l i za t ion  to the m u l t i - d i m e n -  

sional  c a s e  : 

. u ~ . .Ouo~ ( Ouo~ . . 0%~\  (1.23) 
~176 ~ ( O~o, w~176176 ) + ~ O~o I O~o----- V -  Wo~'Uok ~ - -  Wo~Uo~ --Wo~UUo ~ T;U-J } : - -  qo* " 

The 4 - v e c t o r  f o r  t r a n s f e r  of m a t e r i a l  e n e r g y  and m o m e n t u m  into radia t ion,  a l lowing f o r  s c a t t e r i n g  

ef fec ts ,  was obtained e a r l i e r  in [7] 

- -  qo ~" = a~176 ~ -~-4~ Bo_. + %UoiUo~Uo, Wo~J --  (o~o + %) Zto~Wo % 
(1.24) 

H e r e  B 0 is the P l anck  function in t eg ra t ed  ove r  f r equency ;  % , a r  a r e  l i n e a r  coef f ic ien ts  fo r  radia t ion  
abso rp t i on  and s c a t t e r i n g  by  the und i s tu rbed  subs tance  r e spec t ive ly .  Us ing  Eqs.  (1.18) and (1.22), we can 
wr i te  laws fo r  conse rva t i on  of the total t e n s o r  of e n e r g y  and m o m e n t u m  of m a t t e r  and radia t ion 

o (T iI~ + W i~) = 0 

in the s y s t e m  So, in the f o r m  

g~o~ (8 + Wo19 ~ ~~176 + (p + 8 + Wo ~ + Wo 14) ~176 +. 2Wol1 ~ .  = 0 

a 0W~ e -+-, l~ 41~ Ou~ -~- 2 W J - I ~  = 0 .  
a~o 1 (p -~ Wo 1~) + ~ + (p + Wo n ~ ,, o , O~o ( 1.25) 

T h e s e  equat ions ,  a long  with the t r a n s f e r  equat ion (1.23) and the cont inui ty  equat ion (1.19), cons t i tu te  a 
comple t e  s y s t e m  d e s c r i b i n g  the in t e rac t ion  of rad ia t ion  with m a t t e r  in a local  sa te l l i t e  coo rd ina t e  s y s t e m.  
It is not  a c losed  s y s t e m .  To  c lose  it we mus t  in t roduce  an addit ional  re la t ion  between the rad ia t ion  
e n e r g y  and m o m e n t u m  t e n s o r  componen t s .  It is v e r y  convenient  to obtain Eqs.  (1.22) by ano the r  method,  
d i r e c t l y  f r o m  the t r a n s f e r  equation.  Bes ides  be ing  a p roof  of the va l id i ty  of the fo rmu la ,  this  method 
enables  us to follow in de ta i l  the phys ica l  na tu re  of the addit ional  t e r m s  a r i s ing ,  and a l s o  to  obtain 
f o r m u l a s  for  r ad i a t ive  v i s c o s i t y  in the c a s e  of weak nonequi l ib r ium.  

As  was  shown in [7,8], the t r a n s f e r  equat ion fo r  the in t eg ra t ed  in tens i ty  of rad ia t ion  I in the l a b o r a -  

t o r y  s y s t e m  L 0, a l lowing f o r  s c a t t e r i n g  p r o c e s s e s ,  has  the f o r m  

( 0 0 ) B0 ~0 ~ [ (u l )2Wa4  2 u i u l W l l +  (ul)~wn ] 
-5~ .+ ~t ~ I = -- (% ~- %) I L  .+ a o - ~  ~: 

8~ 
L ~ ~1 __ [a~l, A = .cpov0----T 

1 1 1 

�9 i i W11 __-- __A I II~d~t' Wla = TA I~d~, WI  1 = TA Id[~ �9 
2 - i  --I --I 

(1.26) 

(1.27) 



H e r e  # i s  the  c o s i n e  of the  ang le  be tween  the d i r e c t i o n  of mot ion  of the  m a t e r i a l  and  the d i r e c t i o n  of 

the  i nc iden t  r a d i a t i v e  quantum,  and  P0 and v 0 a r e  s o m e  c h a r a c t e r i s t i c  v a l u e s  of m a t e r i a l  d e n s i t y  and  v e l o c -  
i ty .  In c o n v e r s i o n  to  a l o c a l  s a t e l l i t e  s y s t e m  S O in which the m a t e r i a l  e l e m e n t  i s  a t  r e s t ,  the  c o m p o n e n t s  
of the  r a d i a t i v e  e n e r g y  and m o m e n t u m  t e n s o r  W ik  a r e  t r a n s f o r m e d  a c c o r d i n g  to  f o r m u l a s  a n a l o g o u s  to 
(1.21),  whi le  the  r e m a i n i n g  quan t i t i e s  a r e  t r a n s f o r m e d  a c c o r d i n g  to  the  fo l lowing  f o r m u l a s  [2] : 

Io ~ou~ + ul 

1 
L = u ~ -- ~u 1 - -  u ~  + t~ul., 

~u* -- ui dl ~ = L ~d[~6 

. - ~ - +  ~ = L + ~o o-~e . (1.28) 

U s i n g  t h e s e  f o r m u l a s ,  we can  f ind that  in s y s t e m  So, the  t r a n s f e r  equat ion  t a k e s  the  f o r m  

•  ~T~) ~ = - ( s  + s )  • ~o~o + A We".  

U s i n g  Eqs.  (1.12),  it  i s  e a s y  to  ob ta in  the  d e r i v a t i v e  wi th  r e s p e c t  to  L 

(1.29) 

T h e r e f o r e ,  Eq. (1.29) can  be  r e w r i t t e n  in a m o r e  d e t a i l e d  f o r m  

(1.30) 

,ale ale (auo z ouo i ~ *o a~ 
o,o + ~o ~ + 41#o \ o,o + ~o a-~-o~ ] = --  (~~ § %) Io + ~oBo + ~ We . (1.31) 

Since  the  q u a n t i t i e s  W0 ik  a p p e a r  in the  equa t ions  of r a d i a t i v e  h y d r o d y n a m i c s ,  we m u s t  i n t e g r a t e  Eq. 
(1.31) with r e s p e c t  to  d#0. H o w e v e r ,  we mus t  t ake  in to  a c c oun t  that  the d i f f e r e n t i a l  d ~  cannot  p a s s  u n d e r  
the  d i f f e r e n t i a t i o n  s ign ,  s i n c e  the  d i f f e r e n t i a l  dt~ i s  a f i xed  quant i ty .  C l e a r l y  we m u s t  u se  a m o r e  c o m p l e x  
p r o c e d u r e ,  t h i s  b e i n g  

d~o (VoOo) = Vo (~od~o) - -  d)oVo (d~to) = Vo ((Pod~%) - -  d)odbVo (~/L2) = Vo (Oodl~o) - -  2(I)ot~oditoVoUo ~ . (1.32) 

H e r e  @o i s  an  a r b i t r a r y  funct ion of #0, ~01 and T0, and  V 0 is a s p a t i a l  o r  t i m e w i s e  l i n e a r  d i f f e r e n t i a l  
o p e r a t o r .  In a s i m i l a r  way, u s i n g  the i n v a r i a n c e  of # and d# ,  we obta in  

~oVor = Vo (~o~o) & cP0 ( i  - -  ~o ~) VoUo t , ( 1.33) 

U s i n g  t h e s e  r u l e s ,  we can  m u l t i p l y  Eq. (1.31) by  d~0 and #0d#0, and r e d u c e  it to  a f o r m  conven ien t  fo r  
c o n v e r s i o n  to  i n t e g r a l  q u a n t i t i e s .  The  r e s u l t  is  the  two equa t ions  

2I~176176 ~ o  + I~176 ~ + i~176 ~ (% -[- %) Iod~o + aoB~dgo + - ~  Wo~4d~to 

OUo x a u o  i c~ o 
O~o (IoVodV%) + ~ (I~176 + Io (1+  9o 2) d~o ~ + 2/o~od~t o ~ = -  (~o - -  *o) Iot~od~to + c%Bol~od~to + ~ Woaa~tod~o . (1.34) 

C o n v e r t i n g  to  c o m p o n e n t s  W0 ik  u s i n g  f o r m u l a s  a n a l o g o u s  to  (1.27), we obta in  Eq. (1.22) 

OWd* OWe 1~ ~ Txr lix Ouol ~o (ABe --  We 44) ~ --  qo 4 Oz. ~- O--yy-,1 -+ 2Wo14 + (We *a ~ , ,  o J 

~176 + ~176 .-wv, o~n~:44 T,--" o , '  'xT ii~ 0u~ + 21xzl4Ou~176 0~o ~ = - -  (~o + ~0) Wola = - -  qoi ,  (1.35) 

By the above method we can obtain equations also for the 'higher moments. For example, introducing 
the moments of third and fourth order 



I 1 

A I A I Mo -- -'5" I~176176 No = - ~  Io~o4d~o, 

and mul t ip ly ing  Eq. (1.31) by  #02d#0, we can s i m i l a r l y  obtain the equation 

(1 .30  

OMo , 2 w ~4ouo ~ . ~ t nr Ouo~ OW~ 3V 0~o t "-~ "" o -~o ,,-1- 3Wo ~ O~ot - - ' "  o O-~ot ~" - -  (~ -~- C~o) Wo ~1 -[- ao ABo3 --"!"- ~oWo"~ �9 (1.37) 

Equat ions  (1.35) and (1.37) fo r  s ta t ic  condi t ions  (V 0 = 0), give the fol lowing va lues  of the m o m e n t s :  

Wo ~ = ABo ,  Wot4 = O, Wo 11 = l /aABo.  

These  values  can be obtained fo r  M 0 and No by in tegra t ing  the r ight  s ides  of Eqs. (1.34) with a p p r o -  
p r i a t e  mu l t ip l i e r s  

Mo = O, Wo = t]~ABo �9 

Taking these  va lues  of the m o m e n t s  as  a z e r o t h  approx ima t ion ,  f r o m  Eqs.  (1.35) and (1.37) we obtain 
e x p r e s s i o n s  co inc id ing  with those  of [3] with a0 = 0 f o r  the f i r s t  approx ima t ion  to the t h r e e  main m o m e n t s  

__• i OBo 4Bo Ouo 1 
Wo ~4 = Bo ~o a.~o 3ao ~01 

At W0t r 1 OBo 4Bo Ouo ~ 
= 3 (ao+  ~o) a~d  - -  3-~o+,~o)  OVo 

I ~ o ~  i l OBo 4B0 Ou~ / 5~~ -~- i )  
"2" = -T "B~ ~(~o+~o) oz~ 5(~o+~o)O-~J\~o " 

(1.38) 

The las t  t e r m  in the e x p r e s s i o n  fo r  W0 t~ is i n t e r p r e t e d  as  the rad ia t ive  v i scos i ty .  All  the above  
equa t ions  re ta in  t h e i r  f o r m  if the i r  der iva t ion  begins ,  not  f r o m  Eq. (1.26), but f r o m  the equat ion f o r  the 
s p e c t r a l  r ad ia t ive  in tens i ty  Iv. 

2. Satel l i te  S y s t e m .  To define a sa te l l i t e  we use  the f o r m a l i s m  developed in the work  of L. I. Sedov 
[9]. We in t roduce  two coo rd ina t e  s y s t e m s ,  an  iner t ia l  s y s t e m  K(x i, x 4 = ~-)with m e t r i c  (1.1), and a moving  
sa te l l i t e  s y s t e m  L(~[i],~ [r m e t r i c  

ds~ = gv~ld~[~]d~ [k] ( 2 .D 

C o o r d i n a t e s  x i, ~[i] a r e  chosen  in a s ingle  p s e u d o - E u c l i d e a n  space ,  i .e . ,  functional  r e l a t ions  x i = 
xi(~[i],~[4]) ex is t  which define the law of mot ion of the con t inuum u n d e r  cons idera t ion .  This  law can be d e -  
f ined in expl ic i t  f o r m  if we take into account  that  the spat ial  coord ina te  ~[i] of the s y s t e m  L co inc ides  with 
the C a r t e s i a n  coo rd ina t e  xi of s y s t e m  K at  s o m e  t ime  instant  ~[4] = ~,  in the en t i r e  t h r e e - d i m e n s i o n a l  
space ,  while the d i f fe ren t i a l s  of the s e l f - t i m e s  a r e  connec ted  by the L o r e n t z  r e la t ions  fo r  coinc ident  points ,  
i .e . ,  fo r  the re la t ion  be tween the c oo rd i na t e s  of these  s y s t e m s  we obtain, with ~[4] = ~.,  

dx 1 = d~ h:] + uld~[4], d~ = u4d~C ~] (2.2) 

where  u i is  the 4 - v e l o c i t y  of the points  of s y s t e m  L r e l a t i ve  to K. Thus ,  s y s t e m  K is s o m e  f ixed posi t ion 
of the d e f o r m e d  con t inuum re l a t i ve  to which the s y s t e m  L moves ,  d e s c r i b e d  by the fac t  that  the 4 -ve loc i t y  
of points  d e t e r m i n e d  r e l a t ive  to  it is given by the e x p r e s s i o n s  

d~[ t ] d~[ 41 
u[~] = ~ = 0, u[4] = -~ -  ~ t (2.3) 

Subst i tut ion of Eqs.  (2.2) into the definit ion (2.1) enables  us  to  obtain the m e t r i c  t e n s o r  g[ik] 

( -  ~ - -'~ ~] /-, / . ,~ - . v . e ~  (2 .4)  
g ~ k ] =  t _ u ~  t ] '  g[ =(--ul /u4~ llu4 ~" ) 

In the s y s t e m  L all the d i f ferent ia l  ope ra t ions  mus t  be d e t e r m i n e d  in a cova r i an t  manne r ,  fo r  which 
we mus t  ca l cu la t e  the Chr i s to f fe l  sym bo l s  



The f i r s t  d e r i v a t i v e s  a r e  d e t e r m i n e d  f r o m  Eqs.  (2.2) and  the  i n v e r s e  r e l a t i o n s  

Ox i Ox i Or Or 
-- t ,  0~[4 ] -- u i, 0~[4---- T = u ~, 0~[1---- ~ : 0 0~[ 11 

0~ ill u i O~ [~l 0~ [~1 t 0~[~] = t,  = 0, = - -  
�9 Ox~ O~ u~ ' Ox 1. ~ u ~ 

(2, 6) 

The  s econd  d e r i v a t i v e s  a p p e a r i n g  in Eq. (2.5) a r e  c a l c u l a t e d  in a s o m e w h a t  m o r e  c o m p l e x  way, e s -  
p e c i a l l y  the  m i x e d  d e r i v a t i v e s ,  fo r  e x a m p l e ,  

i i axl]= 

0~[4]0~[1] [ ~. = d ~  [ ~ ' ~  ~.+d~. 1 0~[1] / ]~* = ~ [ 0~[1] ' J "-0~[1] 

The r e s u l t  is  

0~t~ 1 0U 1 02Xl 0U 1 ~2xl 
a ~ [ ~ ] ~ -  0~[~ ] , o~[~]a~[ q ; -  o~[q , a~[q.z - - 0 ,  

(2.7) 

In Eq. (2.6), a s  in Eq. (2.7) a l l  the  d e r i v a t i v e s  a r e  t aken  fo r  ~[t] = ~, .  U s i n g  t h e s e  f o r m u l a s ,  i r i s  
e a s y  to  ob ta in  

1 Ou 1 l Ou I 
r{1 = 0, I~114 - -  /t4 ~. 0~[1 ] , F{4 - -  [tt~ 0r ] 

(2.8) 

TO obta in  r e l a t i o n s  a n a l o g o u s  to  (1.12), we can u s e  the  r e l a t i o n s  ulVu 1 = u4Vu 4, fo l lowing  f r o m  Eq. 
(1.4). H e r e  V is  an a r b i t r a r y  d i f f e r e n t i a l  o p e r a t o r .  Then,  i n t r o d u c i n g  s y m b o l s  fo r  the a c c e l e r a t i o n  and  
d e f o r m a t i o n  f a c t o r s ,  we obta in  

F~4 = D ,  F~4 = u 1D, F 114 ---- F ,  F ~ :  u l F  
t Oul 1 Oul (2.9) 

D F 
u4 ~ 0~[q ' u~ 0~[43 

Since Eq.  (2.3) ,u[ t ]Vu [~] = u[i]Vu [1] = 0, f r o m  the  de f in i t i on  of a c o v a r i a n t  d e r i v a t i v e ,  

u~ _ 0u[q O u [ q  

;z - 0~czJ ~ F~l uE~] ~ + V4z 

we f ind the  r e l a t i o n s  

au 1 ouD] a u Z  auD] au ~ au 4 
b - ~ - - O - ~  - I - D '  aT a~[4~ + F ,  ~ = u ~ D ,  - ~ - - - u ~ F ,  (2.10) 

U s i n g  the r e l a t i o n s  utVu ~ = u4Vu 4, we have 

OuB] 0u [1] 
a~[~ ~ --  D (u 4 -  i) ,  o~[~ j = F ( u  4 -  ~) (2.11) 

and  t h e r e f o r e ,  it  fo l lows  f r o m  Eq. (2.10) tha t  

aul u4 au[ 11 aul u~ au[q a ~  ~ au[ 1] a~4 u~ ou[ 11 (2.12} 



These  r e l a t ions  enable  us  to  r e p r e s e n t  the coef f i c ien t s  D and F in any  de s i r ed  f o r m  

D - -  t O u l  _ ~. au [i] _ 1 au 1 
u4~ a~[ 1] u 4 - 1  a~[1] u4(u a _ l )  ax l '  

F -- l OuZ i Ou[~ ] := l Oul 
(2.13) 

In conve r t i ng  to s y s t e m  L all  the t e n s o r  and v e c t o r  quant i t ies  mus t  be t r a n s f o r m e d  in a c c o r d a n c e  
with Eq. (1.9), u s ing  Eq. (2.6). 

The r e s u l t  is e a s i l y  obtained as  

W ~1 : W r~q + 2ttlWtl~] + (t~l)~W['t~], W ~a : u~W[ la] + u~rz~Wt~,q, W~4 = (u~)~Wt~a] r = q t l ] +  u~qt~a, r = ttaqt~] 

WtU~ = W'-'- - -  2,~1 w~,~ 4 -  ( ~--~i~ ~ W %  W t ~ ]  i W l ,  u,- W~ ~ u * - -  - - \ u * J  =- '~" ---h'z 

_ _  u 1 1 4 W[~ ] :  t W4~ q [ 1 ] = q t _ _ ~ q 4 ,  q[~] = _ ~ q  , 
U4 2 

(2.14) 

The momen t  equat ions  in s y s t e m  L have the f o r m  

OW [~] 
(2.15) 

In expanded f o r m  these  equat ions  take the fol lowing f o r m  

oWt4~]o~ [4"---'T + ~o~ -~" 3utDW[t4] + (D + 2utF) W[ 44] = --  q[41 

0W[tX] 
aw[14..----~ ] -L u lDW[ 11] (3D ulF)  Wt14] -~ _ q[1] a~[4] , o~r~] + + + . FW[44~ = 

(2.16) 

The hyd rodyna m i c  equat ions  will be ana logous  to Eqs.  (2.15) and (2.16), if W [ik] is r e p l a c e d  by T[ik], 
and q[i] by  (-q[i]). If we use  equa t ions  (2.14) o r  the definit ion T[ ik] = (p + e)u[i]u[  k] - g[ik]p, the t e n s o r  c o m -  
ponents  Tik  b e c o m e  

u 1 T [ u ] = ~ p ,  T[ l a l = ~ p ,  T[4 ~] =e-~p(Ui)~ ui~ ~ (2.17) 

By subs t i tu t ing  these  equat ions  into Eq. (2.16) f o r  T[ik] ,  we obtain the hyd rodynamic  equat ions  in the 
sa te l l i t e  s y s t e m  S in the f o r m  

08 ul ap ( ul)~ ap [ (ul)~] :q [4]  
0~[~] + u,~ 0~tl] ,~ - ~  - ~ Y + e ( D + : 2 u l F )  + p  D:f-2uIF--}-I2D --~ (2.18) 

u4~ a~[4 ] , u4~ a~[1 ] - F e F + p  F . - F D  -~T 

It is  not diff icult  to  see  that in the spec ia l  ca se  of a mo t ion le s s  point (u 1 = 0, u 4 - 1) which c o r r e -  
sponds to a loca l  sa te l l i t e  s y s t e m ,  we obtain Eq. (1.18). Equat ions  (2.16) and {2.18), t oge the r  with equa-  
t i o n s  (2.14) and (2.17), d e s c r i b e  the in t e rac t ion  of r ad ia t ion  with a nonun i fo rmly  moving d e f o r m e d  c o n -  
t inuum. To c lose  the s y s t e m  of equat ions  we need  to pos tu la te  a re la t ion  be tween the r ad ia t ive  e n e r g y  and 
m o m e n t u m  t e n s o r  componen t s ,  and the Eddington hypo thes i s  W [11] = 1/3W[44] is the bes t - founded  hypothes i s  
in s y s t e m  S. 
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